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Abstract

We study the social value of information in a general two-region model, which captures three

important characteristics of international markets: segmentation of fundamentals, globalization

of markets and informational asymmetry between regions. We show that the welfare properties

of information in segmented economy di�er signi�cantly from their counterpart in a one-region

model. We prove that Angeletos and Pavan (2007)'s result (the negative gap between e�cient

and equilibrium degree of coordination is su�cient for welfare to increase in precision of private

information economies with strategic substitutability), does not hold in segmented economy. We

also prove that a high (low) gap between e�cient and equilibrium distributions does not imply a

positive (negative) value of information, in a two-region distorted economy, when externalities are

strong enough. Moreover, we obtain the conditions under which the regional value of information

di�ers from its social value. These �ndings indicate when the regional information policy could

be ine�cient. After discussing the general model, we illustrate our �ndings with a number of

examples.

JEL: D82, E61
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1 Introduction

The social value of information has been broadly discussed in the literature. Starting from the seminal paper

by Morris and Shin (2002), most researchers which deal with this issue consider economic environments

with common fundamental shocks (e.g. Angeletos and Pavan (2007), Cornand and Heinemann (2008),

Ui and Yoshizawa (2015), Roca (2010), James and Lawler (2012), Walsh (2013), etc.). Some authors

assume that the common shocks are complemented with agent-speci�c idiosyncratic shocks (e.g. Hellwig

and Venkateswaran (2009), Venkateswaran (2014), Bergemann, Heumann and Morris (2015), Amador and

Weill (2010)). Irrespective of the precise economic environment, all these studies investigate the role of

information in closed economies, for which such shock structure may be reasonable. Nevertheless, as far as

the focus is shifted to international context, these assumptions do not seem reliable any more.

In global economy, shocks are neither entirely common nor agent-speci�c; more likely, they are

segmented or, in other words, country-speci�c. The segmentation or regionalization1 of shocks across the

international economy has been documented by a vast literature on international business cycles (e.g.

1National Research University Higher School of Economics, Moscow, Russia, e-mail: okuznetsova@hse.ru.
1term by Heathcote and Perri (2004)
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Heathcote and Perri (2002), Heathcote and Perri (2004)), capital �ows (Tille and van Wincoop (2014), Tille

and Van Wincoop (2010)), international asset trade (Bhamra, Coeurdacier and Guibaud (2014), Devereux

and Sutherland (2011)). For example, the segmentation of fundamentals can come from uncorrelated shocks

to non-asset incomes across countries, country-speci�c productivity innovations (Tille and van Wincoop

(2014)) or country-speci�c transaction costs (Bhamra, Coeurdacier and Guibaud (2014)).

The segmentation of shocks across the world has not found a lot of attention in the literature on the

welfare properties of information. To the best of our knowledge, the only exception is the study of Arato and

Nakamura (2013), who extend the beauty-contest model of Morris and Shin (2002) to a two-region version

with uncorrelated country-speci�c fundamentals. Nevertheless, Arato and Nakamura (2013) assume that

the beauty contest is not global, but region-speci�c, meaning that private agents have incentive to mimic

the average actions only in their home region, not in the whole economy. In fact, Arato and Nakamura

(2013) model two autarky economies, for which the only link is informational spillover, as the signals about

region-speci�c fundamentals are dispersed world-wide. Thus, the model does not capture the full degree of

globalization in international trade and investments, which is documented by many researchers.

Apart from segmentation of fundamental shocks, many authors con�rm that there exists the informational

asymmetry between countries. There is a huge literature which shows that locals have an informational

advantage over foreigners (Bae, Stulz and Tan (2008), Ferreira et al. (2017), Dvo°ák (2005), Van Nieuwerburgh

and Veldkamp (2009)). Another strand of literature shows that the informational asymmetry between

countries may explain some empirical �ndings in international portfolio allocation (see Thapa, Paudyal and

Neupane (2013) for the survey). The theoretical literature on the social value of information also discusses

a speci�c kind of informational asymmetry. For example, Cornand and Heinemann (2008) and James and

Lawler (2012) assume that the public signal reaches only a rate of population. This type of asymmetry is

di�erent from informational asymmetry in international �nance literature, as all the agents have the same

probability of access to this information, while in most �nancial studies agents have higher probability to get

their home information.

The goal of this research is to �ll the gap in the literature and to de�ne the value of information in

international economies. For this purpose, we explore a stylized two-country model, which captures three main

characteristics of international markets: segmentation of fundamentals, informational asymmetry between

countries and global strategic complementarity or substitutability in private actions. Basically, this general

model is a two-country extension of the model of Angeletos and Pavan (2007), where the whole population is

split between two countries with country-speci�c fundamentals. Informational asymmetry between countries

is modeled by the di�erent composition of private signals. We assume that private signals contain information

only about the home fundamental shocks. The only source of information about the foreign shock is a public

signal, which is available to all the agents in the economy. Thus, each private agent receives three signals:

one public signal about the home fundamental shock, one public signal about the foreign fundamental shock

and one private signal about the home fundamental shock.

For this general model, we derive social and regional loss functions, and show that social and regional

welfare depends not only on the average gaps between equilibrium and optimal actions and their volatility,

as in Angeletos and Pavan (2007), but also on relative gaps between regions. Our contribution is two-fold.

First of all, we test the �ndings of Angeletos and Pavan (2007), who derive the complete classi�cation of

homogeneous economies according to their welfare properties of information. We show that the crucial

parameter, which a�ects the value of information in two-regional economy, is the externality created by the

cross-sectional dispersion. If this externality is absent, almost all the �ndings of Angeletos and Pavan (2007)

stay relevant for segmented economy. Nevertheless, we �nd that some of results from Angeletos and Pavan

(2007) do not hold in segmented economy in case of strategic substitutability. For example, we show that a
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negative gap between e�cient and equilibrium degrees of coordination is not su�cient for private information

to be socially needed. The reason is the fact that in this economy equilibrium coordination is ine�cient not

only inside the region, but also between regions. If strategic substitutability is relatively high, an increase in

the precision of private information may force agents to coordinate more inside the region, but this will have

a negative e�ect on inter-regional coordination. If the externality created by the cross-sectional dispersion is

su�ciently high, all the �ndings of Angeletos and Pavan (2007) about the social value of information may

be violated, because this externality implies the higher weight of inter-regional gaps in social loss function.

For example, the negative externality of the inter-regional gap in private action implies that the social value

of private information may be negative. The presence of private information, which is available only to

the inhabitants of one region, automatically creates the inter-regional asymmetry in private actions. If the

society values this asymmetry negatively, an increase in the precision of this information may lower social

welfare, even if it would be valuable in homogeneous societies. Similarly, the positive externality of the cross-

sectional dispersion may make the social value of public information negative, even if the e�cient extent of

coordination is positive.

The second contribution of the paper is that we characterize the regional and inter-regional value of

information. When doing so, we detect the situations, in which the social value of information di�ers from

its regional value. These di�erences in information structures which are optimal from the social and regional

point of view, would help to detect the risks of ine�cient information policy, if it is conducted by the

local authorities. For example, in economies with globally e�cient strategic complementarity and positive

externality of cross-sector dispersion, the regional value of public information may be negative, while its

social value is positive. This happens because the regional value of inter-regional gap is higher than its social

value. Thus, if the social authority is the sender of public information about his home region, he or she would

publish too little information.

Finally, we illustrate our �ndings with a number of examples which are widely used in the literature on

social value of information.

The rest of the paper is organized as follows. The general two-country framework is introduced in the

next Section. Sections 3-5 deal with the equilibrium allocation, social optimum and regional optimum,

correspondingly. In Section 6 we discuss the welfare properties of information in several examples. The last

section concludes.

2 Framework

In order to study the value of information in segmented economies, we extend the model of Angeletos and

Pavan (2007) into a two-region version. We assume that the unit mass of private agents forms the population

of an economy. This population is divided into two groups, each of which inhabits one region. Let i ∈ [0, 1]

denote the index of a private agent. Agents with index i ∈ [0, n] ≡ G1 belong to group 1 (or live in region 1)

and agents with index i ∈ (n, 1] ≡ G2 belong to group 2 (or live in region 2). Thus, the size of region 1 is

equal to n, while the size of region 2 is equal to (1− n).

Let kji denote the action taken by agent i who lives in region j. Then the average private action in this

region, Kj , is given by the following expression:

Kj ≡
1

nj

∫
i∈Gj

kji di

The average private action in the economy, K ≡
∫
j∈{1,2}

∫
i∈Gj k

j
i didj, is equal to the weighted average

private actions in both regions:
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K ≡ nK1 + (1− n)K2

The dispersion of private actions in the economy σ2
k ≡

∫
j∈{1,2}

∫
i∈Gj

(
kji −K

)2
didj is de�ned by the

dispersion of private actions in both regions and by the gap in private actions between the regions:

σ2
k = nσ2

1 + (1− n)σ2
2 + n (1− n) (K1 −K2)

2
, (1)

where σj ≡
(

1/nj
∫
i∈Gj

(
kji −Kj

)2
di

)1/2

is the standard deviation of private actions in region j, j ∈

{1, 2}.
The payo� of private agent i living in region j depends on his action kji , average private action K, the

standard deviation of private actions in the economy σk , fundamental parameter θj and is written by the

following function:

uji = U
(
kji ,K, σk, θ

j
)
, (2)

Fundamental θj can be interpreted as a technological parameter. This variable is normally distributed

with mean µj = 0 and variance σ2
θ,j . For simplicity, we assume that fundamentals in di�erent region are

uncorrelated. Thus, there are only local idiosyncratic technological shocks, without technological spillovers

between regions. Nevertheless, the payo� function (2) allows for the global strategic e�ects, as the private

payo�s depend on the global average action K.

Following the methodology of Angeletos and Pavan (2007), we assume that payo� function

U
(
kji ,K, σk, θ

j
)
is a quadratic function with Ukσ = UKσ = Uθσ = Uσ

(
kji ,K, 0, θ

j
)

= 0. This means that

payo� function is separable in dispersion term and the other variables. In other words, the dispersion has

only non-strategic e�ect on private payo�s. As we will see later, this implies that the equilibrium private

actions do not depend on the dispersion. Thus, the payo� function can be rewritten in the following form:

uji = U
(
kji ,K, 0, θ

j
)

+ Uσσ
2 σ2

k, (3)

Moreover, we assume that the payo� function is concave in private actions (Ukk < 0). Moreover, UkK <

−Ukk, where UkK measures the strategic e�ect in private actions. If UkK = 0, the private actions are

independent of the average actions in the economy. If UkK > 0, the private payo� is higher when the private

action is closer to the average action K. Thus, there is strategic complementarity in private actions and

private agents have the incentive to do what others do. If UkK < 0, the private payo� is higher when the

distance between a private action and the average action in the economy is larger. As the private payo�

depends on the average for the whole economy, there is a global strategic e�ect. The alternative version

would be a local strategic e�ect, if the private payo� was linked to the average actions in the home region.

The additional assumption is Ukk + 2UkK + Uσσ < 0.

The e�ect of dispersion in private actions can have any sign. If Uσσ > 0, there is a positive private value

of dispersion in private actions. This, for example, is the characteristic of a beauty-contest model described

by Morris and Shin (2002). If Uσσ < 0, there is a negative private value of dispersion in private actions, as

in Walsh (2013). If Uσσ = 0, private payo�s do not depend on the dispersion. Despite of the sign of this

variable, we assume that Ukk + Uσσ < 0. The model of Angeletos and Pavan (2007) is a special case of ours

and can be obtained by choosing n = 1.

We assume that Uk (0, 0, 0, 0) = UK (0, 0, 0, 0) = 0. This assumption simpli�es considerably the

derivations, but does not a�ect the conclusions about the value of public and private information.

Moreover, without lack of generality, Ukθ > 0. This assumption means that private agents have an incentive

to keep their actions close to their home fundamentals.
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We assume that private agents do not know the true values of the fundamentals θ1 and θ2. Instead of the

perfect information, private agents have an excess to several imperfect signals about the fundamentals. All

agents in the economy observe two public signals about the fundamentals:

yj = θj + ηj ,j ∈ {1, 2} (4)

where ηj ∼ N(0, σ2
y,j) is the noise of public signal y

j with variance σ2
y,j . Thus, σ

−2
y,j is the precision of a

public signal about the fundamental shock in region j. If σ−2y,j = 0, the prediction value of this information

is zero. This is equivalent to the absence of such public information. Two public signals are uncorrelated,

meaning that covariance of two noises is equal to zero (Cov
(
η1, η2

)
= 0).

Thus, the public information about fundamental θj consists of public signal yj and the prior information

about the fundamental µj . In what follows, we use the composite signal zj to denote all public information

about the fundamental shock in region j:

zj ≡
σ−2y,jy

j + σ−2θ,jµ
j

σ−2y,j + σ−2θ,j
.

Dispersion of the noise in this composite signal is equal to σ2
z,j =

(
σ−2y,j + σ−2θ,j

)−1
and precision of public

information is equal to σ−2z,j =
(
σ−2y,j + σ−2θ,j

)
. This composite signal is observed by all agents in the economy;

there is no di�erence in the access to public information between the agents in di�erent regions. The only

di�erence in information available to private agents concerns their private information. Private agent i living

in region j observes private signal xji about the true value of θ
j :

xji = θj + εji , (5)

where εji ∼ i.i.d.N(0, σ2
x,j) is the noise of this private signal and σ

2
x,j stands for its variance. Thus, value σ

−2
x,j

depicts the precision of private information in region j. We suppose that agents in region j do not observe

any private signal about the foreign fundamental shock θ−j .

Private agents use their private signals and two composite public signals to form their expectations about

the fundamentals:

E

[(
θj

θ−j

)∣∣∣∣∣xji , zj , z−j
]

=

(
δjzj +

(
1− δj

)
xji

z−j

)
, (6)

where δj =
σ−2z,j

σ−2z,j + σ−2x,j
. According to (6), a private agent from region j uses his own private signal xji

and public signal zj to derive his expectations about θj . As the agent has no private information about

fundamentals in the other region, his expectations about θ−j are equal to public information about θ−j .

These expectations are used by private agents to choose their actions. The equilibrium private actions are

de�ned in the next section.

3 Equilibrium

Private agents simultaneously choose their actions, which maximize their payo� (2). Before proceeding to

the equilibrium under imperfect information, we start with the properties of the equilibrium in an economy

where all the agents know the true values of fundamentals.
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3.1 Equilibrium with complete information

The equilibrium with complete information is characterized by a pair of strategies
(
κ1, κ2

)
: R2 → R2such

that

κj
(
Θj
)

= arg max
kj

U
(
kj , K̃

(
θj , θ−j

)
, σ̃k

(
θj , θ−j

)
, θj
)
, (7)

where Θj =
(
θj , θ−j

)
is a vector of fundamental shocks, K̃

(
θj , θ−j

)
=
∫
j∈{1,2}

∫
i∈Gj κ

j
(
θj , θ−j

)
didj is the

average private actions under complete information and

σ̃k
(
θj , θ−j

)
≡
(∫

j∈{1,2}
∫
i∈Gj

(
κj
(
θj , θ−j

)
−K

(
θj , θ−j

))2
di dj

)1/2

is the standard deviation of private

actions in equilibrium.

Similarly to one-region model of Angeletos and Pavan (2007), the equilibrium private strategies under

complete information are linear over the fundamentals and are given by the following expression:

κj (Θ) = κj,jθ
j + κj,−jθ

−j , (8)

where κj,j is the equilibrium weight of the home fundamental factor and κj,−j is the equilibrium weight

of the foreign fundamental factor in private actions in region j. These equilibrium weights are as follows:

κj,j = κ− ακ(1− nj) (9)

κj,−j = ακ(1− nj), (10)

where κ =
−Ukθ

Ukk + UkK
and α =

UkK
−Ukk

.

By assumptions made before, Ukθ is positive while expression Ukk +UkK is negative. This implies that κ

is positive. The sign of α coincides with the sign of UkK and is positive, if there is strategic complementarity,

and negative, if there is strategic substitutability. As −UkK > Ukk, the value of α belongs to the interval

(−∞, 1). This means that the weight of home fundamental shock in private actions in region j is positive.

This re�ects the incentive of private agents to keep their actions close to their home fundamentals. Despite

the foreign fundamentals do not have the direct e�ect on the private payo�s, the agents also react to the

foreign fundamental shock, as far as there is the strategic e�ect and α 6= 0. If α > 0 and private actions

are characterized by strategic complementarity, the agents in region j also have the incentive to keep their

actions close to the private actions in foreign region −j. As private agents in region −j align their actions to

foreign fundamentals θ−j , strategic complementarity forces agents in region j to put a positive weight κj,−j

to this fundamental shock. The stronger strategic complementarity and the larger foreign region, the higher

weight of foreign fundamentals is attached by private agents in region j. This leads to an equivalent decrease

in the weight of home fundamental in private actions. If there is strategic substitutability and α < 0, the

agents want to di�erentiate their actions with the actions of others. This imply a negative weight of foreign

fundamentals in private actions and an increase in the weight of home fundamentals.

The redistribution of the whole weight κ between the two fundamentals depends on the extent of strategic

e�ect α and on the region size nj . If we take the limiting case with nj = 1, we get the one-region model of

Angeletos and Pavan (2007) with the equilibrium private actions:

κj
(
θj , θ−j

)
= κθj (11)

If there is strategic complementarity (α > 0), the weight of the local fundamentals in private actions

is lower in two-regional model. The agents redistribute this weight toward the foreign shock, as there is
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strategic complementarity between regions. If there is strategic substitutability (α < 0), the weight of the

local fundamentals in private actions is higher in two-regional model. The agents want to keep their actions

far from the foreign actions, as there is strategic substitutability between regions. Thus, the agents attach a

negative weight to the foreign fundamentals and increase the weight of local fundamentals.

The average private actions in two-region economy, κ̄, are proportional to the average value of

fundamentals in both regions:

κ̄ ≡ nκ1
(
θ1, θ2

)
+ (1− n)κ2

(
θ1, θ2

)
= κ

(
nθ1 + (1− n) θ2

)
Nevertheless, this model in general version should not be treated as an average model with actions κ̄ and

fundamentals θ̄ ≡
(
nθ1 + (1− n) θ2

)
, because there is asymmetry between regions, which may a�ect private

payo�s. This asymmetry can be illustrated by the gap between private actions in the regions:

κ1
(
θ1, θ2

)
− κ2

(
θ1, θ2

)
= κ (1− α)

(
θ1 − θ2

)
This gap vanishes only if the fundamental parameters are equal in two regions. As far as θ1 6= θ2,

private actions di�er in two regions. Even if there is no dispersion in private actions inside the regions, the

gap between average actions creates the dispersion between regions and the dispersion of private actions

in the whole economy, according to equation (1). If private agents do not care about the dispersion and

Uσσ = 0, this does not a�ect the private payo�s. If there is the negative private value of dispersion and

Uσσ < 0, the gap between the regions creates the negative e�ect on private payo�s. If there is a positive

private value of dispersion and Uσσ > 0, the gap between the regions creates the positive e�ect on private

payo�s. By assumption, this is a second-order e�ect which does not in�uence the equilibrium private actions.

Nevertheless, this e�ect has a crucial impact on the social and regional welfare and is a crucial determinant

of the social and local value of private and public information, as it will be shown later.

3.2 Equilibrium with incomplete information

Under incomplete information, private agents do not know the true value of fundamental shocks. Thus,

they choose their actions in order to maximize their expected payo� given their information set. The

information set for any agent consists of three elements. The �rst element is the private signal about the

home fundamental. The second and the third elements are the public signal about their home fundamentals

and the public signal about the foreign fundamentals. Formally, equilibrium with incomplete information is

a pair of strategies (k1, k2): R3 → R2 such that

kj
(
xj , zj , z−j

)
= arg max

k′
E
[
U
(
k′,K (Θ, Z) , σk (Θ, Z) , θj

)∣∣xj , zj , z−j] , (12)

where Θ =
(
θ1, θ2

)
is a vector of fundamentals, Z =

(
z1, z2

)
is a vector of public information,

K (Θ, Z) =
∫
j∈{1,2}

∫
xj
kj
(
xj , zj , z−j

)
dP
(
xj
∣∣ θj , zj) dj is the average private action in equilibrium and

σk (Θ, Z) =
(∫

j∈{1,2}
∫
xj

(
kj
(
xj , zj , z−j

)
−K

(
θj , θ−j , zj , z−j

))2
dP
(
xj
∣∣ θj , zj) dj

)1/2

is the equilibrium

standard deviation of private actions.

The �rst-order condition, which describes the equilibrium strategies (12), is as follows:

kj
(
xj , zj , z−j

)
= E

[
κj (Θ) + αj,j (Kj (Θ, Z)− κj (Θ)) + αj,−j (K−j (Θ, Z)− κj (Θ))|xj , zj , z−j

]
. (13)

where Kj (Θ, Z)is the average private action in region j for given fundamental shocks Θ and public
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information Z, αj,j = α− α (1− nj) and αj,−j = α (1− nj).
According to (12), the optimal action of a private agent depends on his expectations about the optimal

action under complete information κj (Θ), the expected gap between the average actions under incomplete

and complete information in his home region, (Kj (Θ, Z)− κj (Θ)) , and the expected gap between the average

actions under incomplete and complete information in the foreign region, (K−j (Θ, Z)− κj (Θ)). Value αj,j

measures the impact of the home gap in private actions on the decision of the agent. In other words, αj,j is the

regional extent of coordination. Similarly, the value αj,−j measures the impact of the foreign gap in private

actions on the decision of any agent in region j. Thus, αj,−j is the inter-regional extent of coordination.

If there is strategic complementarity (α > 0), both regional and inter-regional extents of coordination are

positive and agents are willing to mimic the average actions in both regions. The larger region, the stronger

desire to mimic its average actions both inside and between regions. If there is strategic substitutability, both

regional and inter-regional extents of coordination are negative.

The �rst-order condition (12) gives the linear equilibrium strategy of private agents. This strategy is

described in the following proposition.

Proposition 1. In a linear equilibrium, the strategy of private agents is as follows:

kj
(
xj , zj , z−j

)
= κj,j

(
γjzj +

(
1− γj

)
xj
)

+ κj,−jz
−j , (14)

where γj is the relative weight of regional public information given by:

γj = δj +
δj
(
1− δj

)
αj,j

1− (1− δj)αj,j
+

(
1− δj

)
αj,−j

1− (1− δj)αj,j
κ−j,j
κj,j

= (15)

=δj +
δj
(
1− δj

)
αj,j

1− (1− δj)αj,j
+

(
1− δj

)
αj,−j

1− (1− δj)αj,j
α−j,j

1− αj,−j

Proposition 1 shows that private agents in two-region economy use the information about both regions,

as far as both κj,j and κj,−j are non-zero. We have shown earlier that the weight of home information κj,j is

positive, while the weight of foreign information κj,−j is positive only in case of strategic complementarity. It

is negative, if there is strategic substitutability and zero, if there is no strategic e�ect. As the only source of

information about the foreign fundamental shock is public signal z−j , the weight of this signal in private action

in region j coincides with the weight of foreign fundamental in private actions under complete information.

As there are two sources of information about the home fundamentals, the private agent redistributes the

entire weight of home information κj,j between them. Parameter γj ∈ [0, 1] shows the relative weight of

home public information, while
(
1− γj

)
measures the relative weight of a private signal in the entire use of

home information.

It can be easily seen that the relative weight of public home information is equal to the relative precision

of public information δj if and only if the strategic e�ect is absent and α = 0. If there is strategic

complementarity, the relative weight of public signal in actions exceeds its relative precision. This can

be explained by the desire of private agents to mimic the actions of others. The use of a public signal allows

them to better predict the actions of others and the use of public signal increases even if this does not allow

the agents to keep their actions closer to the relevant home fundamentals. If there is strategic substitutability,

the agents have the desire to di�erentiate their actions from the actions of others. Thus, they decrease the

weight of the home public signal in their actions to a level which is lower than the relative precision of public

information. An increase in relative precision of public information and strategic complementarity leads to

an increase in the relative weight of public home information in private actions.

The e�ect of region size nj on the relative weight of public information is non-linear. The following
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Corollary summarizes the e�ect of regional size on the relative weight of its home public information:

Corollary 1. The e�ect of region size on the relative weight of its public information is as follows:

1. In case of strategic complementarity, ∂γj

∂nj > 0 if and only if nj < min
(

1
2

(
1 + δj

α(1−δj)

)
; 1
)
;

2. In case of strategic substitutability, ∂γj

∂nj < 0 if and only if nj > max
(

1
2

(
1 + δj

α(1−δj)

)
; 0
)
.

The �rst part of Corollary 3.2 describes the properties of γj in case of strategic complementarity. It can

be easily shown that threshold 1
2

(
1 + δj

α(1−δj)

)
is larger than 1, if precision of local public information in

region j is relatively high and δj > α
1+α . In such situation, the relative weight is increasing in region size and

the relative weight of local public information in two-region economy is lower than in one-region economy.

In this case, public information is a very good predictor of home fundamentals; thus, its weight in home

private actions is initially very high. When there are two regions instead of one, strategic complementarity

forces the agents to switch from their home public information to foreign public information. As a result,

they redistribute the use of public information as a instrument of coordination towards the foreign signal. If

precision of local public information is low and δj < α
1+α , threshold

1
2

(
1 + δj

α(1−δj)

)
is lower than 1 and the

relative weight of public information is a hump-shaped function of nj . Thus, the relative weight of public

local information may be higher in two-region economy than in a one-region economy. In this case, the

weight of home public information is not that high in a one-region model due to the relatively low precision

of this information. Strategic complementarity between regions makes the inhabitants of the foreign region

willing to react to the public information about region j. The population of region j knows this and may

want to mimic the actions of foreigners by increasing the weight of the home public information, despite its

relatively bad quality. Thus, in two-region economy agents in a large region may attach higher weight to

their home public signals than they would in a one-region world. Worth to note, that this e�ect is present

only if precision of public information is relatively low and the region is relatively large. To illustrate the

reasoning, we provide the equilibrium strategies in one-region economy, which can be obtained from ours by

taking n = 1. In this model, the equilibrium action of private agents is the function of their private signal

and the public signal:

kj
(
xj , zj

)
= κ

(
γ̂jzj +

(
1− γ̂j

)
xj
)
, (16)

where γ̂j is the relative weight of regional public information in one-region economy and is given by:

γ̂j = δj +
δj
(
1− δj

)
α

1− (1− δj)α
(17)

The second part of Corollary 3.2 summarizes the properties of γj in case of strategic substitutability. If

precision of local public information is high and δj > −α
1−α , threshold

1
2

(
1 + δj

α(1−δj)

)
is negative. Thus, an

increase in region size leads to a decrease in the relative weight of local public information. Consequently, the

relative weight of local public information in two-region economy is higher than in one-region economy. The

reasoning is straightforward. If the quality of home public information is relatively good, the agents would use

it to keep their actions close to their home fundamentals. The inter-regional strategic substitutability means

that the part of the whole population is not going to use this information. Thus, the agents may increase

their use of the home public information without su�ering from increased coordination. If the quality of

public information is relatively bad and δj < −α
1−α , the agents may prefer to rely more on their private

information to keep their actions close to the fundamentals. In this case, the relative gains of using the home

public information are small and the weight of public information is a hump-shaped function of n. Thus,
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the relative weight of public local information may be lower in a two-region economy than in a one-region

economy.

Taking into account the equilibrium strategy under incomplete information (14) and under complete

information (8), we can show that the average actions in region j under incomplete information are equal to

the sum of average actions in this region under complete information and the weighted errors of the public

signals
(
zj − θj

)
and

(
z−j − θ−j

)
:

Kj

(
Θj , Zj

)
= κj (Θ) + κj,jγ

j
(
zj − θj

)
+ κj,−j

(
z−j − θ−j

)
(18)

This gives the average actions in the whole economy:

K (Θ, Z) = κ̄ (Θ) +
∑

j∈{1,2}

(
njκj,jγ

j + (1− nj)κ−j,j
) (
zj − θj

)
dj, (19)

where
(
njκj,jγ

j + (1− nj)κ−j,j
)
is the average weight of signal zj in private actions.

The gap between the average actions in the two regions is equal to the sum of the gap between the regions

under complete information and the relative errors of the public signals:

K1 (Θ, Z)−K2 (Θ, Z) = κ1 (Θ)− κ2 (Θ) +
(
κ1,1γ

1 − κ2,1
) (
z1 − θ1

)
−
(
κ2,2γ

2 − κ1,2
) (
z2 − θ2

)
, (20)

where
(
κj,jγ

j − κ−j,j
)
is the relative weight of signal zj in actions in region j in comparison to its weight

in region −j. Thus, the errors in public signals create the deviation of the average actions from their values

under complete information. The use of imperfect private signals creates the dispersion of the actions inside

the regions. The dispersion of private actions in region j is equal to

σ2
j = κ2j,j

(
1− γj

)2
σ2
x,j (21)

The welfare properties of the noise in public and private information are discussed in the next section.

4 Social welfare analysis

In this section, we discuss the social value of public and private information in segmented economies. We

start with the description of socially e�cient allocations under complete and incomplete information. After

that we derive the social loss function and �nd the impact of precision of public and private information on

this welfare criterion.

The social welfare is the sum of all private payo�s in the economy:

W ≡
∫
j∈{1,2}

∫
i∈Sj

U
(
kj
(
xj , zj , z−j

)
,K (Θ, Z) , σk (Θ, Z) , θj

)
di dj

This welfare can be rewritten as a sum of two components:

W = ω
(
K1,K2, θ

1, θ2
)

+
Wσσ

2

(
n1σ

2
1 + n2σ

2
2

)
, (22)

where ω
(
K1,K2, θ

1, θ2
)
is the component, which depends on the regional average private actions, the

average private actions in the whole economy and fundamental shocks. Term Wσσ

2

(
n1σ

2
1 + n2σ

2
2

)
is the

component which depends on the dispersion of private actions inside the regions. Coe�cientWσσ = Uσσ+Ukk

measures the social value of dispersion inside the regions. As it is negative, the dispersion in private actions
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lowers the social welfare and is undesirable from the social perspective. Worth to note, that the social value

of dispersion inside regions is negative irrespective of the private value of dispersion. The component which

depends on the averages is given by the following expression:

ω
(
K1,K2, θ

1, θ2
)

= n1U
(
K1,K, 0, θ

1
)

+ n2U
(
K2,K, 0, θ

2
)

+
Uσσ

2
n1n2 (K1 −K2)

2
(23)

The �rst term on the right-hand part in (23) is the payo� of agents in the �rst region, if all of them choose

action K1. The second term is the payo� of the agents in the second region, if they choose action K2. The

last term shows the global gains of private agents due to the gap in actions between the regions. If Uσσ < 0

and there is a negative private value of dispersion, the social welfare is negatively related to the gap between

regions. In other words, society values negatively the di�erence between regions. If Uσσ > 0 and there is a

positive private value of dispersion, society values positively the di�erence between regions. Thus, the social

value of the gap between regions coincides with the private value of dispersion.

4.1 Social optimum under complete information

To �nd the social optimum, we assume that the social planner decides on the private actions for given values

of fundamental shocks
(
θ1, θ2

)
. As the society gets a negative value of dispersion inside the regions, the social

planner chooses the same action for all agents which live in the same region. Thus, the e�cient allocation

with complete information is a pair of strategies (κ∗1, κ
∗
2): R2 → R2 such that

κ∗j (θj , θ−j) = arg max
Kj

ω
(
Kj , κ

∗
−j , θ

j , θ−j
)
, (24)

where ω
(
Kj , κ

∗
−j , θ

j , θ−j
)
is welfare component (23). The socially e�cient actions for agents in region j

are linear over two fundamental shocks:

κ∗j
(
θj , θ−j

)
= κ∗j,jθ

j + κ∗j,−jθ
−j , (25)

where the weights of fundamentals are

κ∗j,j = κ∗ − (1− nj) κ̂ (26)

κ∗j,−j = (1− nj) κ̂, (27)

where κ∗ = (Ukθ+UKθ)
−WKK

, κ̂ ≡ − (Ukθ+UKθ)
WKK

+ Ukθ
Wσσ

and WKK = Ukk + 2UkK + UKK < 0.

Thus, the socially optimal private actions under complete information are the weighted sum of the two

fundamentals. The optimal distribution in a one-region model can be obtained from (25�27) by choosing

n = 1:

κ∗j
(
θj , θ−j

)
= κ∗θj .

Thus, the relation between the weight of the home fundamental in a one-region model and its weight in a

two-region model (26) is de�ned by the value of κ̂. If κ̂ > 0, the optimal weight of local fundamentals is lower

in two-region social optimum in comparison to one-country model. The weight of foreign fundamentals is

positive. This happens if the social aversion to variance in private actions is stronger than the desire to reach

the fundamentals, such that Wσσ <
Ukθ

(Ukθ+UKθ)
WKK . This condition is equivalent to 1 − WKK

Wσσ
> −UKθUkθ

. As

we will see later, value α∗ = 1−WKK

Wσσ
characterizes the socially optimal degree of coordination. If the optimal

degree of coordination is high, the social planner is ready to sacri�ce the closeness of private actions to the
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local fundamentals in order to vanish the di�erence between regions. As a result, the weight of fundamentals

is redistributed from the local shock to the foreign one. The extent of this redistribution depends positively on

the size of foreign region. Thus, the e�cient distribution in a two-region model is shifted to the fundamentals

in the largest region.

If κ̂ < 0, the optimal weight of local fundamentals is higher in two-region social optimum in comparison

to one-country model. The weight of foreign fundamentals is negative. This happens if the social aversion to

variance in private actions is not very high, such that Wσσ >
Ukθ

(Ukθ+UKθ)
WKK . This is equivalent to relatively

small e�cient degree of coordination, α∗ < −UKθUkθ
. In this case, the social planner does not care much about

the variance in private actions. Thus, the planner is ready to stretch the distance between regions in order

to diminish the gap between the local fundamentals and the local private actions. In this case, the private

actions in two regions are shifted apart from each other and there is a substantial gap between them.

The gap between e�cient actions in two regions in a model with complete information is proportional to

the gap between fundamental shocks:

κ∗1
(
θ1, θ2

)
− κ∗2

(
θ1, θ2

)
= (κ∗ − κ̂) (θ1 − θ2) ,

where coe�cient (κ∗ − κ̂) = − Ukθ
Wσσ

is positive. If there is a huge social aversion to dispersion and the

absolute value of Wσσ is high, the value of (κ∗ − κ̂) and the gap between the regions vanish. If the social

aversion to dispersion is modest, the value of (κ∗ − κ̂) and the gap between regions are large.

The average e�cient action in the economy is proportional to the average value of fundamental shock:

κ̄∗ ≡ nκ∗1 + (1− n)κ∗2 = κ∗
(
nθ1 + (1− n) θ2

)
.

This value does not depend on the private or social value of dispersion. Nevertheless, the average e�cient

actions in a model with incomplete information do depend on these parameters, as we will see in the next

subsection.

4.2 Social optimum with incomplete information.

An e�cient allocation with incomplete information is a pair of strategies (k∗1 , k
∗
2): R3 → R2 such that

{
k∗1
(
x1, Z

)
, k∗2

(
x2, Z

)}
= arg max

k′(x,Z)
E [W (k (x, Z) ,K (Θ, Z) , σk (Θ, Z) ,Θ)] , (28)

where k (x, Z) =
{
k1
(
x1, Z

)
, k2
(
x2, Z

)}
is a feasible set of private actions,

K (Θ, Z) =
∫
j∈{1,2}

∫
xj
kj
(
xj , Z

)
dP
(
xj
∣∣Θ, Z) dj and

σk (Θ, Z) =
(∫

j∈{1,2}
∫
xj

(
kj
(
xj , Z

)
−K (Θ, Z)

)2
dP
(
xj
∣∣Θ, Z) dj

)1/2

.

This implies the following �rst-order condition:

k∗j
(
xj , zj , z−j

)
= E

[
κ∗j (Θ) + α∗j,j

(
Kj (Θ, Z)− κ∗j (Θ)

)
+ αj,−j

(
K−j (Θ, Z)− κ∗−j (Θ)

)∣∣xj , zj , z−j] , (29)

The �rst-order condition shows that the e�cient strategy for any agent in region j is the sum of his expected

e�cient action under complete information κ∗j (Θ) and the expected gaps between the average actions and

the corresponding e�cient average actions under complete information for both regions. Value α∗j,j ≡ α∗ −

(1− nj)
WKK − Ukk
−Wσσ

is the e�cient extent of coordination inside the region and α∗j,−j ≡
WKK − Ukk
−Wσσ

(1− nj)
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is the e�cient inter-regional extent of coordination, α∗ = 1 − WKK

Wσσ
is the e�cient extent of coordination in

a one-region model.

The inter-regional e�cient extent of coordination is positive if the marginal social utility of average actions

decreases slower than the marginal private utility of private actions, meaning thatWKK > Ukk. This happens

if the private value of coordination is su�ciently high, such that UkK > −UKK2 . In this case, the social value

of coordination between regions is high and the e�cient inter-regional coordination is positive, α∗j,−j > 0.

The regional degree of coordination diminishes by the value of the inter-regional degree of coordination and

is lower than in a one-region economy. This redistribution of coordination between regions is higher for

the larger size of the other region. Thus, the e�cient allocation implies that the actions are shifted to the

average actions in a larger region. If the private value of coordination is low, UkK < −UKK2 , the marginal

social utility of average actions decreases faster than the marginal private utility of private actions, meaning

that WKK < Ukk. In this case, the e�cient extent of inter-regional coordination is negative and the e�cient

extent of coordination inside the region is higher than in a one-region model.

The �rst-order condition (29) gives the linear e�cient strategy of private agents. This strategy is described

by the following proposition.

Proposition 2. The linear e�cient strategy of private agents is as follows:

k∗j
(
xj , zj , z−j

)
= κ∗j,j

(
γ∗j z

j +
(
1− γ∗j

)
xj
)

+ κ∗j,−jz
−j , (30)

where γ∗j is the e�cient relative weight of regional public information given by:

γ∗j = δj +
δj
(
1− δj

)
α∗j,j

1− (1− δj)α∗j,j
+

(
1− δj

)
α∗j,−j

1− (1− δj)α∗j,j

κ∗−j,j
κ∗j,j

(31)

In a one-region model the e�cient action are as follows:

k∗j
(
xj , zj

)
= κ∗

(
γ∗j z

j +
(
1− γ∗j

)
xj
)
, (32)

with

γ̂∗j = δj +
δj
(
1− δj

)
α∗

1− (1− δj)α∗
(33)

Comparison of these strategies with the equilibrium in a one-region model shows that the equilibrium is

socially e�cient if κ = κ∗ and α = α∗. In this case, the equilibrium and e�cient distribution under complete

information are the same and the e�cient degree of coordination coincides with the equilibrium degree of

coordination. In a two-region economy, these conditions are necessary but not su�cient for equilibrium to be

optimal. Condition κ = κ∗ assures that the average actions in the equilibrium and in the optimum coincide

under complete information. Nevertheless, this does not guarantee that the distribution of these averages

between regions is e�cient. Condition α = α∗ assures that the average degrees of coordination are e�cient,

but it is not su�cient for both regional and inter-regional degrees of coordination to be e�cient. Comparison

of equilibrium strategies (14) with socially e�cient strategies (30) gives the following su�cient condition for

the e�ciency of equilibrium allocation:

Proposition 3. Equilibrium in a two-regional model is socially e�cient if and only if κ = κ∗, α = α∗ and

Uσσ = 0.
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Thus, equilibrium strategies in a two-region model is e�cient if they are socially e�cient in a one-region

model and the private value of dispersion and the social value of the gap between two regions are equal to

zero. This �nding demonstrates higher importance of parameter Uσσ in a two-region model in comparison

with a one-region model. In order to better understand this �nding, we consider three possible sources of

ine�ciency in segmented economy: the gap between equilibrium and e�cient degrees of coordination α∗−α,
the gap between e�cient and equilibrium average allocation under complete information κ∗ − κ and the

externality of dispersion in private actions Uσσ. The positive gap between α∗ and α means that equilibrium

coordination degrees in the model are insu�ciently low, both inside and between regions. If κ∗ > κ, the agents

respond insu�ciently to the shocks in both home and foreign fundamentals. Thus, the �rst two sources of

ine�ciency equally strike the agents reaction to home and foreign variables. On the contrary, the externality

caused by dispersion in private actions creates an additional asymmetry. It can be easily shown that the

negative externality (Uσσ < 0) makes the regional degree of coordination ine�ciently low and inter-regional

degree of coordination insu�ciently high. Moreover, this leads to the positive gap between the e�cient and

equilibrium weights of home shocks under complete information and to a negative gap between the e�cient

and equilibrium weights of foreign shocks in private actions. As we will see in the next section, the social

welfare in a segmented economy depends on the gap in actions between two regions. Thus, the asymmetry

created by this externality, can considerably change the welfare properties of information in a two-region

model. In the next subsection we derive the social loss function, which is then used to study the welfare

properties of public and private information.

4.3 Social loss function

The expected value of social welfare (22) can be written as:

EWS = ωS
(
κ∗1, κ

∗
2, θ

1, θ2
)
−L ∗S ,

where ωS
(
κ∗1, κ

∗
2, θ

1, θ2
)
is the �rst-best social welfare and L ∗S is the social loss which arises due to the gap

between the equilibrium and social optimum. The value of this loss is as follows:

L ∗S =
|WKK |

2
V ar

(
K − K̄∗

)
+
n (1− n)

2
|Wσσ|V ar (K1 − κ∗1 − (K2 − κ∗2)) (34)

+
|Wσσ|

2

(
nσ2

1 + (1− n)σ2
2

)
Thus, equation (34) reveals the sources of ine�ciency in the described economy. The �rst source of ine�ciency

is the gap between the equilibrium average actions and the socially e�cient average actions. The variance

of this gap is denoted by V ar
(
K − K̄∗

)
in equation (34). Coe�cient |WKK |

2 measures the impact of this

variance on the social loss. The second term in social loss comes from the possible asymmetry between the

regions. The value K1 − κ∗1 − (K2 − κ∗2) measures the relative gap between the average regional actions and

the corresponding optimal actions. If the gaps between average and optimal actions are di�erent for the

regions, the asymmetry arises and social welfare deviates further from the �rst-best. Coe�cient n(1−n)2 |Wσσ|
measures the importance of the inter-regional asymmetry for social planner. Finally, the social loss comes

from the variance in private actions in both regions, which is measured by σ2
1 and σ2

2 . For the larger region,

concerns about its private actions dispersion are stronger.

The gap between the equilibrium and �rst-best allocations can arise because of two reasons. The �rst

reason is the ine�cient structure of the economy, such that equilibrium under complete information is not

e�cient. The second reason is incomplete information. These two reasons can be partially separated from
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each other. For example, the gap between average equilibrium and e�cient actions can be represented as the

sum of the gap between the average equilibrium actions under complete and incomplete information and the

gap between the equilibrium actions under complete information and average e�cient actions:

K − K̄∗ = (K − κ̄) +
(
κ̄− K̄∗

)
The variance of this sum is equal to the sum of variances of two gaps and their doubled covariance.

As value
(
κ̄− K̄∗

)
is the gap between the equilibrium and e�cient action under complete information, its

value does not depend on the information available to the agents. Thus, the �rst component in (34) can

be represented by the sum of two terms, one of which is independent of the information quality, while the

other is de�ned by the precision of public and private information available to agents. The same is true for

the second component in social loss function. The dispersion of private actions arises only under incomplete

information and thus, it is fully de�ned by the information precision. As a result, we can rewrite the social

loss (34) as the sum of component L0
S , which is independent of precision of public and private information,

and component LS , which depends on the precisions:

L ∗S = L0
S + LS ,

where component LS is as follows:

L∗S =
|Wσσ|

2
(1− α∗) [V ar (K − κ̄) + 2Cov (K − κ̄; κ̄− κ̄∗)] + (35)

+ n (1− n)
|Wσσ|

2
[V ar (K1 − κ1 − (K2 − κ2)) +]

+ n (1− n) |Wσσ|Cov (K1 − κ1 − (K2 − κ2) ;κ1 − κ∗1 − (κ2 − κ∗2))

+
|Wσσ|

2

(
nσ2

1 + (1− n)σ2
2

)
The �rst term in (35) represents the variance of the gap between the average equilibrium actions K and

the average actions under complete information. The gap between the average actions under incomplete and

incomplete information is de�ned by the errors in the public signals and can be written as follows:

K − κ̄ = nκ (γ1 + α (1− n) (1− γ1)) (z1 − θ1) + (1− n)κ (γ2 + αn (1− γ2)) (z2 − θ2) , (36)

where (zj − θj) represents the error in the public information about the fundamental θj . Thus, the

variance of the gap is de�ned by the variance of two public sets of information. As two fundamentals are

uncorrelated, the variance of the gap is equal to the sum of two terms, each of which is de�ned by the variance

of one set of information:

V ar (K − κ̄) = V ar1 (K − κ̄) + V ar2 (K − κ̄)

V arj (K − κ̄) = n2jκ
2 (γj + α (1− nj) (1− γj))2 σ2

z,j

The gap between equilibrium and e�cient average actions under complete information is de�ned as follows:

κ̄− κ̄∗ = (κ− κ∗) (nθ1 + (1− n) θ2)

If κ = κ∗, the average equilibrium actions and e�cient average actions coincide under complete
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information. Thus, in this case the equilibrium is e�cient on average. The covariance of this gap and the

gap between the average actions under complete and incomplete information can be written as the sum of

two terms, each of which depends on the precision of one set of information. The term which depends on

the information about fundamental θj is as follows:

Covj (K − κ̄; κ̄− κ̄∗) = −n2jκ (κ− κ∗) (γj + α (1− nj) (1− γj))σ2
z,j ,

where we use Cov(zj − θj , θj) = −σ2
z,j

The di�erence between the gaps in private actions is also de�ned by the errors in public information:

(K1 − κ1 − (K2 − κ2)) = κ ((1− α) γ1 − αn (1− γ1)) (z1 − θ1)− κ ((1− α) γ2 − α (1− n) (1− γ2)) (z2 − θ2)

Thus, the variance of this variable is also separable into two terms. For example, the term which depends

on the information about region j is as follows:

V arj (K1 − κ1 − (K2 − κ2)) = κ2 ((1− α) γj − αnj (1− γj))σ2
z,j

The relative gap between regions in equilibrium and social optimum under complete information is de�ned

as follows:

κ1 − κ∗1 − (κ2 − κ∗2) = (1− α)κ
Uσσ
Wσσ

(θ1 − θ2) (37)

As we can see, this gap is present only if Uσσ is di�erent from zero, meaning that the agents value the

dispersion in private actions (either positively or negatively). Covariance of two measures of the gap between

the regions is separable into two terms with

Covj (K1 − κ1 − (K2 − κ2) ;κ1 − κ∗1 − (κ2 − κ∗2)) =

= −κ2 ((1− α) γj − αnj (1− γj)) (1− α)
Uσσ
Wσσ

σ2
z,j

Finally, the variances of private actions are measured as follows:

σ2
j = (1− γj)2 (1− α (1− nj))2 κ2σ2

x,j

As the variance of private actions in any region depends only on the precisions of information about this

region, we conclude that social loss is separable into two arguments:

L∗S = L1
S + L2

S

where the term LjS is the component which depends on the information about region j:
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LjS =
|Wσσ|

2
(1− α∗)n2jσ2

z,j

[
κ2 (γj + α (1− nj) (1− γj))2 − 2κ (κ− κ∗) (γj + α (1− nj) (1− γj))

]
+ (38)

+ nj (1− nj)
|Wσσ|

2
κ2σ2

z,j ((1− α) γj − αnj (1− γj))2 +

− nj (1− nj) |Wσσ|κ2σ2
z,j ((1− α) γj − αnj (1− γj)) (1− α) ρ+

+
|Wσσ|

2
nj (1− γj)2 (1− α (1− nj))2 κ2σ2

x,j ,

where ρ = Uσσ
Wσσ

. We apply this general loss function to study the social welfare properties of information

in the next sub-section.

4.4 Social value of information

Exploring the properties of social loss function (38) allows to study the social value of information in

a segmented economy and to compare it with its value in a homogeneous economy. The properties of

information in a homogeneous economy have been described in Angeletos and Pavan (2007), who come with

three main �ndings:

• in e�cient economies with κ = κ∗ and α = α∗, social loss is decreasing in the precision of both public

and private information;

• in economies with e�cient equilibrium allocation under complete information (κ = κ∗) and ine�cient

equilibrium degree of coordination (α 6= α∗), α∗ > α > 0 su�ces for social loss to be decreasing in the

precision of public information and α∗ < α < 0 su�ces for social loss to be decreasing in the precision

of private information;

• in ine�cient economies with κ 6= κ∗, there exist φ and φ such that social loss is decreasing in precision

of both public and private information, if κ∗ − κ > φ, and increasing in precision of both public and

private information, if κ∗ − κ < φ.

We start our testing of these results in segmented economies under assumption that the dispersion in private

action does not create any externality (Uσσ = 0). This allows us to abstract from the source of ine�ciency

which is present in a segmented economy, but does not a�ect social welfare in homogeneous economy. The

�ndings about the social value in such economy are summarized in the following Proposition:

Proposition 4. The social value of information in economies without externality created by the

dispersion in private actions. In segmented economies with Uσσ = 0 the social loss function is such that:

1. in economies with κ = κ∗and α = α∗, social loss is decreasing in precision of private and public

information;

2. in economies with κ = κ∗and α 6= α∗, α∗ > α > 0 is su�cient condition for social loss to decrease

in precision of public information and α − ψ < α∗ < α < 0 with ψ = − (1−α)(1−αn)
2αn(1−n) > 0 is su�cient

condition for social loss to decrease in precision of private information;

3. in economies with κ 6= κ∗, for any (α, α∗, n) there exist φ and φ such that

(a) if α > 0, social loss is decreasing in precision of public and private information if κ∗ − κ >

φ (α, α∗, n) and increasing in precision of public and private information if κ∗ − κ < φ (α, α∗, n) ;
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(b) if α < 0, social loss is decreasing in precision of private information if κ∗ − κ > φ (α, α∗, n) and

increasing in precision of private information if κ∗ − κ < φ (α, α∗, n).

Part 1 of Proposition 4 shows that the social value of both private and public information is positive in

segmented e�cient economies. This �nding corresponds to the value of information in e�cient homogeneous

economies. Part 2 of Proposition 4 implies that the su�cient condition for public information to be valuable

is the same in segmented and homogeneous economies, if private actions are characterized by strategic

complementarity. Similar to Angeletos and Pavan (2007), the positive gap between the e�cient and the

equilibrium degree of coordination ensures that the social loss is decreasing in the precision of public

information.

Nevertheless, the su�cient condition for private information to be welfare-improving is now di�erent.

As we can see in Part 2 of Proposition 4, the social loss is necessarily increasing in the precision of

public information is α∗ ∈ (α− ψ, α). This means that for a large gap between the e�cient and the

equilibrium degree of substitutability, the social value of private information may be negative. The reasoning

is straightforward. With the help of equation (35), we can show that the loss in economy with ine�cient

degree of coordination is equal to the loss in e�cient economy plus the loss created by ine�cient degree of

substitutability:

L∗S = L∗S |α=α∗ + (α− α∗) |Wσσ|
2

V ar (K − κ̄) ,

where V ar (K − κ̄) is the variance of the gap between the average equilibrium actions under complete

and incomplete information. As we have seen earlier in equation (36)), this gap is proportional to

(γj + α (1− nj) (1− γj)), which stands for the normalized weight of public and private information in

private actions. In homogeneous economy with nj = 1, this weight is equal to the relative weight of home

public information in private actions, γj . Thus, in a homogeneous economy this weight is positive. An

increase in the precision of private information leads to a decrease in the relative weight of home public

information. This leads to a lower impact of the errors in the home public information on the average

actions and lower dispersion V ar (K − κ̄). In a two-region economy the value (γj + α (1− nj) (1− γj)) may

be negative for su�ciently strong strategic substitutability in private actions. The negative gap between the

average equilibrium actions under complete and incomplete information means that the average actions are

too high in equilibrium if the value of public signal is too low in comparison with the real value of the

fundamentals. This phenomenon arises because the agent tries to keep their actions apart from the actions

of others not only in their home region, but also from the actions of foreigners. Because of the negative

value of the gap, an increase in the precision of private information and a decrease in the relative weight of

public signal lead to an increase, not decrease, in the absolute value of this gap. This implies an increase in

the precision of private information together with the high value of (α− α∗) may cause an increase in social

loss.

Equivalent reasoning explains, why Part 3 of Proposition 4 di�ers from its analogue in a homogeneous

economy. As we can see, the �ndings about the value of information in ine�cient economies with strategic

substitutability are di�erent. The social loss in these economies is equal to the loss in economies with

e�cient equilibrium allocation under complete information plus the loss created by ine�ciency in complete-

information equilibrium:

L∗S = L∗S |κ=κ∗ + (1− α∗) |Wσσ|Cov (K − κ̄; κ̄− κ̄∗) ,

where Covj (K − κ̄; κ̄− κ̄∗) may negatively depend on the precision of public information in case of

strategic substitutability and low relative precision of public information. The main di�erences in social value
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of information in segmented economies in comparison with the homogeneous economies are summarized by

the following Corollary:

Corollary 2. In segmented economies with strategic substitutability α < 0 and ρ = 0, contrary to the

corresponding homogeneous economies,

1. if κ = κ∗and α∗ < α− ψ < α < 0, private information may be detrimental for social welfare;

2. social loss may be increasing in precision of public information, if κ∗ − κ is su�ciently high, and

decreasing in precision of public information, if κ∗ − κ is su�ciently low.

The presence of externality created by the dispersion in private actions, meaning that Uσσ 6= 0, a�ects

the social loss trough the gap in actions between regions:

L∗S = L∗S |Uσσ=0 + n (1− n) |Wσσ|Cov (K1 − κ1 − (K2 − κ2) ;κ1 − κ∗1 − (κ2 − κ∗2)) ,

where κ1 − κ∗1 − (κ2 − κ∗2) = (1− 2n) (1− α)κ UσσWσσ
(θ1 − θ2) and

Covj (K1 − κ1 − (K2 − κ2) ;κ1 − κ∗1 − (κ2 − κ∗2)) = −κ2 ((1− α) γj − αnj (1− γj)) (1− α) Uσσ
Wσσ

σ2
z,j . In case

of strategic complementarity, term ((1− α) γj − αnj (1− γj))σ2
z,j is increasing in the precision of public

information. Thus, the negative value of Uσσ
Wσσ

ensures that covariance of the two inter-regional gaps is

increasing. In case of strategic substitutability, the value of this term may be decreasing in the precision of

public information for high values of ζj . Thus, the positive value of Uσσ
Wσσ

is required for social loss to be

increasing in the precision of public information. Value ((1− α) γj − αnj (1− γj)) is decreasing in the

precision of private information for both strategic complementarity and substitutability, thus relatively high

value of Uσσ
Wσσ

leads to a negative value of private information. As we have seen earlier, the positive gap

between e�cient and equilibrium allocation under complete information leads to an increase in the social

value of information. Thus, more extreme values of Uσσ
Wσσ

are needed we retain the increasing social loss

function. These �ndings are summarized in the following Proposition:

Proposition 5. The social value of information in economies with Uσσ 6= 0. For given

(κ, κ∗, α, α∗, n), there exist 0 < ρ < 1, ρ < 0 and ρ̃ < 1, such that

1. social loss is increasing in precision of public information if α > 0 and ρ < ρ (κ, κ∗, α, α∗, n) or if α < 0

and ρ > ρ (κ, κ∗, α, α∗, n), at least for low values of ζ;

2. social loss is increasing in precision of private information if and only if ρ > ρ̃ (κ, κ∗, α, α∗, n);

3. an increase in the gap κ∗−κ and α∗−α leads to an increase in ρ (κ, κ∗, α, α∗, n) and ρ̃ (κ, κ∗, α, α∗, n)

and to a decrease in ρ (κ, κ∗, α, α∗, n).

All these results are closely related to the relative in�uence of strategic private motive and the externality

created by the dispersion in private actions on the social loss. In case of strategic complementarity, public

information is more likely to have the positive value for the social and private welfare. If it is accompanied by

negative externality of the dispersion in private actions (Uσσ < 0 and ρ > 0), the public information becomes

even more desirable, as the social planner wants to avoid any dispersion in private actions. Su�ciently high

positive value of ρ, meaning that the negative externality of the dispersion is substantial, ensures that the

social loss is decreasing in the precision of public information, even if the e�cient degree of coordination is

lower than the equilibrium degree. On the contrary, substantial positive externality (Uσσ > 0 and ρ < 0)

forces the social planner to look for greater dispersion in private actions, despite of strategic complementarity.

This su�ces for public information to be undesirable. In case of strategic substitutability, the agents use
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the public signals not only to predict their home fundamental, but also to di�erentiate their actions from

the foreign private actions. Thus, an increase in the precision of public information leads to an increase in

inter-regional dispersion. If the social loss of dispersion is su�ciently high (Uσσ < 0 and ρ > 0), this may

lead to a decrease in the social welfare, making the social value of public information negative. Moreover,

su�ciently strong negative value of dispersion assures that the social value of private information may be

negative, despite the type of strategic e�ect in private actions.

Thus, we discussed the welfare properties of information in segmented economies. In the next section we

proceed to the discussion of the regional welfare e�ects of public and private information.

5 Regional welfare analysis

In this section we discuss the regional welfare properties of information. For this purpose we describe the

regionally optimal allocations under complete and incomplete information. After that we derive the regional

loss function, which is then used to study the e�ects of public and private information on the welfare of each

region.

The regional welfare is the sum of private payo�s inside the region j:

W j ≡
∫
i∈Sj

U
(
kji

(
xji , z

j , z−j
)
,K (Θ, Z) , σk (Θ, Z) , θj

)
di

Similar to the social welfare studied in the previous section, the regional welfare consists of two terms:

W j = ωj
(
Kj ,K−j , θ

j , θ−j
)

+

(
W j
σσ

)T
2

[
σ2
k,j

σ2
k,j

]
, (39)

where ωj
(
Kj ,K−j , θ

j , θ−j
)
is the regional welfare component, which depends on the average actions and

the fundamental shocks:

ωj
(
Kj ,K−j , θ

j , θ−j
)

= njU
(
Kj ,K, 0, θ

1
)

+
Uσσ

2
n2j (1− nj) (Kj −K−j)2 (40)

According to (40), the regional welfare depends positively on the gap between regions, if the private value

of dispersion Uσσ is positive. If private value of dispersion is negative, the regional welfare depends negatively

on the gap between regions. The sign of this dependence coincides with the e�ect of the gap between regions

on the social welfare. Nevertheless, the size of this e�ect is di�erent. According to (23), the importance of

this gap relative to the average payo� in the region is equal to (1− nj). According to (40), the importance

of the gap relative to the average regional payo� is equal to nj (1− nj). Thus, the regional society pays less

attention to the gap between regions than the social planner.

The second term in regional welfare (39) demonstrates the regional and international values of dispersion

inside the regions. Vector W j
σσ is as follows:

W j
σσ =

[
nj (njUσσ + Ukk)

nj (1− nj)Uσσ

]
(41)

The �rst element of this vector demonstrates the regional value of the dispersion in private actions in the

home region. Under assumptions made at the beginning, this value is negative. Thus, the regional society

does not like the variance in its home actions. Nevertheless, the absolute value of aversion to the home

dispersion di�ers from the social aversion. In the previous section we have seen that the social aversion to

dispersion in region j is equal to nj (Uσσ + Ukk). The absolute value of the aversion is lower than the local

aversion if Uσσ is positive. If Uσσ is negative, the local aversion to dispersion is lower that the social aversion.
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The second element of vector W j
σσ demonstrates the inter-regional value of dispersion. If private value

of dispersion is positive, the local society gets welfare gains from the dispersion in actions abroad. If the

private value of dispersion is positive, the local society gets a welfare loss from the dispersion abroad. Thus,

the inter-regional value of dispersion may di�er from the social value of dispersion which is always negative.

The regional planner would like to impose the in�nite noise in the actions in the other region. Nevertheless,

we assume that this is not possible and the regional planner cannot discriminate between private agents in

the foreign region. This assumption does not change the conclusions about the regional and inter-regional

value of information which are studied in the subsequent sections.

5.1 Regional optimum under complete information

Under assumption of impossibility to discriminate between private agents, the regionally e�cient allocation is

the solution of the program of the regional planner. This allocation is a pair of strategies
(
κ̃jj , κ̃

j
−j

)
: R2 → R2

such that

{
κ̃jj
(
Θj
)
, κ̃j−j

(
Θj
)}

= arg max
{Kj ,K−j}

ωj
(
Kj ,K−j , θ

j , θ−j
)
,

Thus, the regional planner chooses two strategies which maximize the component of its welfare, which

does not depend on the dispersion. This representation is correct, as the planner does not value the dispersion

inside its home region and chooses the same actions for all the agents in its region. Potentially, the regional

planner would value the dispersion abroad, but the assumption made before does not allow the discrimination

between the foreign agents. In this case the regionally optimal strategies are as follows:

κ̃jl
(
θj , θ−j

)
= κ̃jl,jθ

j , l ∈ {j,−j} (42)

with

κ̃jj,j = κ∗ − (1− n) κ̃jj (43)

κ̃j−j,j = κ∗ − κ̃−jj , (44)

where κ̃jj = − (UkK+UKK)((UkK+UKK)Ukθ+(Ukk+UkK)UKθ)

WKK [(1−n)(U2
kK−UkkUkK)−nWKKUσσ]

and

κ̃−j,j = (Ukk+UkK+n(UkK+UKK))((UkK+UKK)Ukθ−(Ukk+UkK)UKθ)

WKK [(1−n)(U2
kK−UkkUkK)−nWKKUσσ]

The regional optimum for region j implies that agents do not react to the shocks in region −j. The reason
for this is that the private payo�s in region j depend only on the fundamentals in region j. Consequently,

the regional planner wants all agents in the economy to base their actions on the fundamentals in region j,

irrespective of the place where agents live. In equilibrium, at least the agents in region −j do react to the

shocks in their region. Thus, the following Corollary states the impossibility of equilibrium to be regionally

optimal:

Corollary 3. As far as Ukθ 6= 0, the equilibrium is not regionally optimal.

Moreover, the presence of externalities makes the regionally e�cient allocation not optimal from the social

point of view. As we have seen earlier, the regional planner do not take into account the average payo� in the

other region. The relative importance of the gap between regions is lower for the regional planners than for

the social planner. The absolute value of the regional aversion to the regional dispersion does not coincide

with the social aversion. The sign of aversion to the foreign dispersion may be opposite to the social one. All

this implies that in general, the regional optimum is not socially e�cient. The direct consequence of this is

the possible ine�ciency of information policies if they are developed regionally.
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5.2 Regional optimum with incomplete information

The regionally e�cient allocation under incomplete information with assumption that the regional planner

cannot discriminate between agents is achieved with a pair of strategies
(
k̃jj , k̃

j
−j

)
: R3 → R2 such that

{
k̃jj
(
xj , Z

)
, k̃j−j

(
x−j , Z

)}
= arg max

k′(x,Z)
E
[
W j (k (x, Z) ,K (Θ, Z) , σk (Θ, Z) ,Θ)

]
, (45)

First-order condition for this problem is similar to the �rst-order condition of the problem of social planner:

k̃jl
(
xl, zj , z−j

)
= E

[
κ̃jl (Θ) + α̃l,j

(
Kj (Θ, Z)− κ̃jj (Θ)

)∣∣∣xl, zj , z−j] (46)

+ E
[
α̃l,−j

(
K−j (Θ, Z)− κ̃j−j (Θ)

)∣∣∣xl, zj , z−j] l ∈ {j,−j} ,
where α̃j,j = nn(Uσσ−UKK)−2UkK

nUσσ+Ukk
is the regionally optimal coordination inside region j and α̃j,−j =

(1− n) n(Uσσ−UKK)−UkK
nUσσ+Ukk

is regionally optimal coordination between the regions. This �rst-order condition

gives the following regionally optimal linear strategy for agents in the home region of the regional planner:

k̃jj
(
xj , zj , z−j

)
= κ̃j,j

(
γ̃jz

j + (1− γ̃j)xj
)

(47)

where

γ̃j = δj +
δj
(
1− δj

)
α̃j,j

1− (1− δj) α̃j,j
+

(
1− δj

)
α̃j,−j

1− (1− δj) α̃j,j
κ̃−j,j
κ̃j,j

(48)

Thus, in regionally e�cient distribution the agents in the home region weight their private and public

information about their home fundamentals and ignore the information about foreign shocks. The actions in

the foreign region −j, if chosen by the planner in home region j, rely only on public information about the

home region zj :

k̃j−j
(
x−j , zj , z−j

)
= κ̃−j,jz

j (49)

These strategies are incompatible with neither the equilibrium nor the social optimum. Thus, the

information policy may be ine�cient if chosen by the local authority. For example, if Uσσ > 0, the regional

planner in region j would like to impose the variance to the private actions in region −j and to stretch the gap

between regions. In the equilibrium, the regional authority cannot in�uence the private dispersion abroad,

as it is de�ned only by the information about the foreign regional fundamental, as expression (21) clari�es.

Nevertheless, it can impose additional noise to its signal about the regional fundamental to stretch the gap

given by (20). This can increase the gap between the equilibrium actions in foreign region and the optimal

actions, but the planner does not take this external e�ect into account. Thus, it would choose excessively

opaque policy without publishing precise information about its region fundamentals. We will discuss the

di�erence between the local and global welfare criteria in the next section after discussing the regional loss

functions.

5.3 Regional loss functions

Similar to the social welfare in the previous section, the expected regional welfare can be rewritten as follows:
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EW j = ωj
(
κ̃j1, κ̃

j
2, θ

1, θ2
)
−L,

where ωj
(
κ̃j1, κ̃

j
2, θ

1, θ2
)
is the value of regional welfare under the regionally optimal distribution and Lj is

the social loss which arises due to the gap between the equilibrium and the regional optimum. The value of

this loss is as follows:

Lj = nj
|WKK |

2
V ar

(
K − K̃j

)
+ nj (1− nj) |Ukk| (1− α)Cov

(
K − K̃;Kj − κ̃jj −

(
K−j − κ̃j−j

))
(50)

−n (1− n)
(1− n)Ukk + nUσσ

2
V ar

(
Kj − κ̃jj −

(
K−j − κ̃j−j

))
+ n
|Ukk + nUσσ|

2
σ2
k,j − n (1− n)

Uσσ
2
σ2
k,−j

Thus, equation (50) reveals the sources of ine�ciency from the regional perspective. The �rst source

of ine�ciency is the gap between the equilibrium average actions and the regional e�cient average actions

K̃j . The variance of this gap is denoted by V ar
(
K − K̃j

)
. The second source of regional ine�ciency is the

covariance between the average gap K − K̃ and the relative gap between regions Kj − κ̃jj −
(
K−j − κ̃j−j

)
.

The variance of this relative gap is the third source of ine�ciency from the regional perspective. The last

two sources of regional loss are the dispersion of private actions in both regions. The variance in the home

private actions σ2
j increases the regional loss. The variance in the foreign private actions σ2

−j increases the

regional loss only if the private value of dispersion is negative (Uσσ < 0). If the private value of dispersion

is positive (Uσσ > 0), the regional loss depends negatively on the dispersion in private actions in the other

region.

Similar to the previous section, the regional loss can be rewritten as a sum of component L0
j , which is

independent of information structure, and component Lj , which depends on the information structure:

Lj = L0
j + Lj

As expression Lj is rather massive, it is given in Appendix C1. Due to the absence of correlation between

the regional sources of information, the loss component Lj can be represented as a sum of two components,

each of which depends on the information about one of the regions:

Lj = Lj,j + Lj,−j ,

where Lj,j is the regional loss in region j, caused by the incompleteness of information about region

j and Lj,−j is the loss in region j, caused by the incompleteness of information about region −j. Thus,

Lj,j characterizes the regional value of information about region j, while value Lj,−j characterizes the inter-

regional value of information about region −j.
Obviously, the social loss LjS , which measures the loss in social welfare because of the incompleteness of

information about fundamental θj , is the sum of the losses in two regions:

LjS = Lj,j + L−j,j .

Component L−j,j measures the side-e�ects of the information about region j su�ered by region −j. In the

next section we study the regional and inter-regional value of information in the general model.
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5.4 Regional and inter-regional value of information

The regional loss function (50) reveals the importance of parameter Uσσ for the regional value of public

and private information. Thus, we start with the e�cient economy without the externality created by the

dispersion in private actions (Uσσ = 0). After that we discuss the regional and inter-regional e�ects of

information in economies, where the only source of ine�ciency is the dispersion in private actions (κ = κ∗,

α = α∗ and Uσσ 6= 0). We conclude with the general model, where all sources of ine�ciency may be present.

The regional and inter-regional welfare e�ects of information in globally e�cient economies are presented

by the following proposition:

Proposition 6. Regional and inter-regional value of information in globally e�cient segmented

economies. In economies with κ = κ∗, α = α∗ and Uσσ = 0 for given (α, nj), there exist ζ̄j,H ≥ 0 and

ζ̄j,F ≥ 0 such that

1. if α > 0, the regional loss is decreasing in precision of both public and private home information;

2. if α < 0, the regional loss is decreasing in precision of public home information, but is increasing in

the precision of home private information, if σ
−2
z,j/σ−2

x,j < ζ̄j,H (α, nj). If 1−αnj (2nj − 1) > 0, threshold

ζ̄j,H (α, nj) = 0;

3. the regional loss is increasing in foreign private information precision, if α > 0, and decreasing in

foreign private information precision, if α < 0;

4. if σ
−2
z,j/σ−2

x,j < ζ̄j,F (α, nj), the regional loss is increasing in the precision of foreign public information, if

α > 0, and decreasing in the precision of foreign public information, if α < 0. If α
(
1− 2nj + αn2j

)
> 0,

threshold ζ̄j,F (α, nj) = 0 .

Part 1 of Proposition 6 states that the regional value of both home private and public information is

positive, if there is strategic complementarity in private actions. If we compare this result with the social

value of information in Proposition 4, we will see that in this case the social value of information coincides

with the regional value of information. This means that if the informational policy was delegated to the

regional authority, it would be socially optimal. Such a social authority would try to achieve the highest

possible precision of both public and private information. This is not the case in economies with strategic

substitutability.

Part 2 of Proposition 6 indicates, that the regional value of private information may be negative. This

happens, if the regional size is relatively small (nj < 1/2), strategic substitutability is su�ciently strong (α <

−n−1j (1− 2nj)
−1
) and the relative precision of public information is su�ciently low (σ

−2
z,j/σ−2

x,j < ζ̄j,H (α, nj)).

The intuition is as follows. An increase in the precision of home private information forces private agents to

increase the weight of this information in their actions. Together with the strong strategic substitutability,

this may lead to an increase in the dispersion of private actions and the dispersion of the relative gap

between regions, which is detrimental for the regional welfare, according to (50). The e�ect of the dispersion

in the gap between regions depends negatively on the region size. This gives Part 2 of Proposition 6. The

negative regional value of private information means that the local authority may choose globally ine�cient

information structure. For strong strategic substitutability, the local authority may have the incentive to

restrict the possible precision of private information.

Part 3 and 4 of Proposition 6 describe the inter-regional value of information. The inter-regional value

of information represents the e�ect of information about region j on the regional welfare of region −j.
Proposition 6 states that the inter-regional value of information depends on the region size, the equilibrium

degree of coordination and on the relative precision of public information σ−2
z,j/σ−2

x,j.
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According to Part 3 of Proposition 6, the inter-regional value of private information is positive, if there

is strategic substitutability. In this case the agents value the coordination negatively. Thus, an increase

in the precision of private information leads to an increase in its weight in the home private actions. As a

result, agents in region j rely less on their home public information and the coordination between regions

becomes smaller, which increases the private payo�s in region −j. If there is strategic complementarity,

private information has negative inter-regional value. As we have already seen, an increase in the precision

of private information in region j lowers the inter-regional coordination, which is undesirable for the agents

in the other region.

According to Part 4 of Proposition 6, an increase in the precision of public information about region j

leads to an increase in the regional loss in region −j in case of strong strategic complementarity, such that α

is positive and higher than 2n−1
n2 . This happens because an increase in precision of foreign public information

pushes the private actions in region −j away from the relevant fundamental shock. Thus, the inter-regional

e�ect of higher precision of public information is negative. If strategic complementarity is not so strong and

0 < α <
2nj−1
n2
j

, the inter-regional loss may decrease in the precision of public information up to some limit.

Thus, if the value of public information precision is limited for some technological reason, there may be

positive inter-regional value. Worth to note that this is possible only if the size of region j is larger than 1/2.

Otherwise, the externality created by its information is not enough to reverse its e�ect on the other region.

In case of strong strategic substitutability, such that α is negative and lower than 2n−1
n2 , the inter-regional

loss is positive, meaning that there is a negative inter-regional externality. Nevertheless, an increase in the

precision of public information in region j lowers the loss in region −j. More precise public information

about the foreign fundamentals helps private agents to better predict the foreign actions and to keep their

own actions away from coordination between regions. Thus, the inter-regional value of public information

is positive. If strategic substitutability is modest and
2nj−1
n2
j

< α < 0, inter-regional loss is non-monotonic

function of the precision of public signal. For low relative precision of public information, its increase may

have negative inter-regional value. Nevertheless, this phenomenon takes place only if the size of region j is

lower than 1/2.

The presence of externality created by the dispersion in private actions may change considerably the

regional and inter-regional e�ects of information. These e�ects are summarized in the following proposition:

Proposition 7. Regional and inter-regional value of information in economies, which are

e�cient if population is not segmented and ine�cient with segmented population. In economies

with κ = κ∗, α = α∗ and Uσσ 6= 0, for given (α, nj) there exist ρ
j
< 0 < ρj , ρ̃j and ζ̄j , ζ̄j,H ≥ 0 such that:

1. if α > 0 and ρ < ρ
j

(α, nj) or α < 0 and ρ > ρ̄j (α, nj), the regional loss is increasing in the precision

of home public information for all σ
−2
z,j/σ−2

x,j < ζ̄j (α, nj);

2. the regional loss is increasing in the precision of home private information, if σ
−2
z,j/σ−2

x,j < ζ̄j,H (α, nj) ,

α < 0 and ρ > ˜̃ρj (α, nj);

3. the regional loss is increasing in precision of foreign public and private information, if ρ > ρ̃j (α, nj).

Proposition 7 shows that the welfare properties of the dispersion in private actions changes the regional

and inter-regional value of information. Part 1 of the proposition indicates that strategic complementarity

accompanied with a large positive value of dispersion (ρ < ρ
j

(α, nj) < 0) makes the regional value of public

information negative. If Uσσ is positive, the regional loss depends positively on the average gap in actions

between the regions. Moreover, the negative impact of the home dispersion in actions on the regional welfare

is not that large. Thus, the region may be better o� with the smaller precision of home public information,
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despite the strategic complementarity in private actions. On the contrary, su�ciently large positive value of

ρ is necessary for the regional value of public information to be negative, if there is strategic substitutability.

Part 2 of Proposition 7 shows that the regional value of home private information is basically the same as

it is in e�cient economies, described in Proposition 6. The regional value of home private information is still

negative in economies with strong strategic substitutability, if ρ is not too small. The large negative value of

ρ means the large positive value of dispersion inside and between regions, that would overcome the e�ect of

strategic substitutability on the value of private information. Thus, the regional value of private information

is necessarily positive for ρ < ˜̃
jρ (α, nj) < 0.

Part 3 of Proposition 7 demonstrates that the inter-regional value of both public and private information

is negative, if the dispersion inside and between regions has su�ciently strong negative e�ect on the regional

welfare. Almost all these results holds in economies with socially ine�cient degree of coordination. Regional

and inter-regional welfare properties of information in these economies are summarized in the following

Proposition:

Proposition 8. Regional and inter-regional value of information in economies with ine�cient

degree of coordination. For given (α, α∗, nj), there exist ρ̂ < 0 < ρ̂ , ˆ̃ρ , ψ̂ > 0 and ζ̄j ≥ 0 such that:

1. if α > 0 and ρ < ρ̂ (α, α∗, nj) or α < 0 and ρ > ˆ̄ρ (α, α∗, nj), the regional loss is increasing in precision

of home public information for all σ
−2
z,j/σ−2

x,j < ζ̄j. Thresholds ρ̂ (α, α∗, nj) and ˆ̄ρ (α, α∗, nj) depend

positively on the gap α∗ − α;

2. the regional loss is increasing in the precision of foreign private information, if α∗−α < ψ̂ (α, α∗, nj)and

ρ > ˆ̃ρ (α, α∗, nj), and increasing in precision of home private information, if α∗−α > ψ̂ (α, α∗, nj) and

ρ > ˆ̃ρ (α, α∗, nj);

3. if ρ > ˆ̃ρ (α, α∗, nj), the regional loss is increasing in precision of foreign public information if α > 0,

α∗ − α < ψ̂ (α, α∗, nj) and ρ > ˆ̃ρ (α, α∗, nj) or if α < 0, α∗ − α > ψ̂ (α, α∗, nj).

Part 1 of Proposition 8 shows that the regional welfare properties of public information coincide with

its properties in economies with e�cient degree of coordination. Nevertheless, the positive gap between

the e�cient and the equilibrium degree of coordination enlarges the region of values of ρ, for which the

regional value of public information is negative under strategic complementarity. At the same time, it

shrinks the region of values of ρ, for which the regional value of public information is negative under strategic

substitutability. Higher α∗ means lower impact of the volatility of the gap between the average equilibrium

and regional e�cient actions in the regional loss (50). This makes public information less valuable, if there

is strategic complementarity and more valuable, if there is strategic substitutability.

Part 2 of Proposition 8 demonstrates that the regional value of private information may be negative,

even if there is strategic complementarity in private actions. Su�cient positive gap between the e�cient

and equilibrium degree of coordination (α∗ − α > ψ̂ (α, α∗, nj)) and su�ciently negative private value of

dispersion (ρ > ˆ̃ρ (α, α∗, nj)) su�ces for it. Part 3 of Proposition 8 demonstrates that relatively large gap

between the e�cient and equilibrium degree of coordination (α∗−α > ψ̂ (α, α∗, nj)) su�ces for foreign public

information to be regionally desirable in case of strategic complementarity. The relatively large negative gap

su�ces for foreign public information to be regionally desirable in case of strategic substitutability.

In the next section we illustrate the social and regional welfare properties of information by a number of

examples.
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6 Applications

In this section we apply the social and regional welfare analysis to several examples. We start with two

examples of the e�cient economies. The �rst example illustrates the e�cient competitive economy with

strategic complementarity, the second refers to the e�cient Lucas-Phelps island economy. After that we

provide two examples of beauty-contest models with ine�cient degree of coordination. One of this examples

assumes that the dispersion in private action does not create externalities (Hellwig and Veldkamp (2009)),

while the second implies the positive externality of the dispersion (Morris and Shin (2002) beauty contest).

6.1 E�cient economies

E�cient competitive economy

Two regions are inhabited by a continuum of households, which consume two goods. Initially, each household

has an endowment w of good 2; good 1 should be produced. Each household is a producer and a consumer

at the same time. Utility of agent i living in region j is given by the following function:

uji = ν
(
qj1,i

)
+ qj2,i, (51)

where qj1,i and q
j
2,i denote the consumed quantity of two goods, ν

(
qj1,i, θ

j
)

= Aqj1,i − b/2
(
qj1,i

)2
, b > 0.

Goods are sold in the common market at price p, which is the same for agents in both region.

The budget constraint for the household is

pqj1,i + qj2,i = w + πji , (52)

where price of good 2 is normalized to unity and πji is the pro�t of agent i:

πji = pkji − C
(
kji

)
, (53)

where kji is the quantity of good 1 produced by agent i in region j and

C
(
kji

)
=

(
kji

)2
2
− θjkji (54)

is the cost of producing good 1. Parameter θj is region-speci�c technology shock. An increase in θj means

that the �rst good becomes cheaper to produce for agents in region j. Maximization of utility (51) under

budget constraint (52) gives the demand of the agent i, living in region j, for good 1:

qj1,i =
A− p
b

(55)

As we can see from demand function (55), all agents consume the same quantity of good 1. The market-

clearing condition is bK = A − p, where K is the total quantity of good 1, produced in the economy. This

gives market-clearing price p = A − bK. The quantity of good 1 purchased by any agent at this price, is

equal to K. The quantity of good 2 consumed by agent i is equal to w + πji − (A− bK)K. As the pro�t of

the household is equal to πji = pkji −C
(
kji

)
= (A− bK) kji −

(kji )
2

2 − θjkji , we get the following utility of the

household:
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U
(
kji ,K, σk, θ

j
)

=
(
A+ θj − bK

)
kji −

(
kji

)2
2

+ b
K2

2
+AK + w (56)

It is easy to show that Ukk = −1, UkK = −b, UKK = b, Ukθ = 1, UKθ = Uσσ = 0. This implies that

κ = κ∗ = 1
1+b , α = α∗ = −b and ρ = 0. In other words, the example describes the e�cient economy with

strategic substitutability in private actions, as b > 0 by assumption.2

One-region version of a similar e�cient economy is derived in Angeletos and Pavan (2007), who show that

the social value of both public and private information is positive. The welfare properties of information in

this two-region model are listed in the following Corollary:

Corollary 4. In e�cient competitive economy with strategic substitutability described here,

1. social value of public and private information, regional value of public information and inter-regional

value of private information are positive;

2. regional value of private information may be negative if nj <
1
2 and b > 1

nj(2nj−1) ;

3. inter-regional value of public information about cost shock in region j may be negative if nj < 1/2 and

b <
1−2nj
n2
j

.

These �ndings are in line with Propositions 6 and 4. The regional value of private home information may

be negative in small regions with strong strategic substitutability. On the contrary, the inter-regional value

of public information may be negative for weak degree of strategic substitutability.

Lucas-Phelps island economy

Myatt and Wallace (2014) show that the preference of an agent in a Lucas-Phelps island economy can be

described by the following utility function:

U
(
kji ,K, σk, θ

j
)

= u− r
(
kji −K

)2
− (1− r)

(
kji − θ

j
)2

(57)

This function is also used, for example, in Baeriswyl and Cornand (2014) and Myatt and Wallace (2011).

In this economy Ukk = −2, UkK = 2r, UKK = −2r, Ukθ = 2 (1− r), UKθ = Uσσ = 0. This implies that

κ = κ∗ = 1, α = α∗ = r > 0 and ρ = 0. Thus, this economy is e�cient and is characterized by strategic

complementarity. The �ndings about social, regional and inter-regional value of information in this economy

are as follows:

Corollary 5. In e�cient competitive economy with strategic complementarity described here,

1. the social and regional value of public and private information is positive, while inter-regional value of

private information is negative;

2. the inter-regional value of public information about cost shock in region j may be negative if nj > 1/2

and r < 2n−1
n2 .

As we can see, both regional and social value of information is positive. This means that social welfare

is increasing in the precisions of both private and public information and that the information policy of

a local authority would be socially e�cient. Nevertheless, the inter-regional value of private information

is negative. Private information is available only to the agents in the home region. This informational

2Note that private actions under complete information are given by κj (Θ) = A
1+b

+ (1 + b(1− nj)) θj − b(1− nj)θ−j . The

term A
1+b

in this expression arises because Uk (0, 0, 0, 0) = A
1+b
6= 0. This does not change the results.
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asymmetry prevents the foreign agents from the e�cient inter-region coordination. An increase in the

precision of private information increases this asymmetry and creates a negative inter-regional externality.

Moreover, public information about the larger region also creates a negative inter-regional e�ect, if the extent

of strategic complementarity is relatively low.

6.2 Ine�cient degree of coordination

Hellwig and Veldkamp (2009) study the model of price-setters with the following utility function:

U
(
kji ,K, σk, θ

j
)

= −
(
kji − rK − (1− r) θj

)
,2 (58)

where kji is a price of agent i, K is the average price in the economy, θj is a shock to the optimal price

level. In this economy Ukk = −2, UkK = 2r, UKK = −2r2, Ukθ = 2 (1− r), UKθ = −2 (1− r), Uσσ = 0.

This implies that κ = κ∗ = 1, equilibrium degree of coordination is equal to α = r and e�cient degree of

coordination is equal to α∗ = r (2− r). If r > 0, this model is characterized by strategic complementarity

and e�cient degree of coordination exceeds the equilibrium degree, meaning that α∗ > α > 0. If r < 0,

this model is characterized by strategic substitutability and e�cient degree of coordination is lower than the

equilibrium degree, meaning that α∗ < α < 0.

The welfare properties of information are as follows:

Corollary 6. In the economy described here,

1. if r > 0,

(a) social, regional and inter-regional value of public information is positive, while inter-regional value

of private information is negative;

(b) regional and social values of private information in region j may be negative, if rnj > 1/2;

2. if r < 0, there exists r < 0 such that

(a) the social value of private information is positive if r > r and may be negative, if r < r;

(b) social value of public information may be negative if rnj < −1;

(c) the regional value of public and private information, inter-regional value of public information is

positive, while inter-regional value of private information is negative.

Part 1 of Corollary 6 indicates the role of information in the economy with strategic complementarity.

The social value of public information is positive, which coincides with a one-region version of the model,

as α∗ > α > 0 su�ces for that. The segmentation of the economy enlarges the set of value r, for which an

increase in the precision of private information may be socially undesirable. In a one-region economy the

social value of private information may be negative, if r > 1/2. In a two-region economy it may be negative,

if rnj > 1/2. In a two-region economy an increase in the precision of private information may be undesirable

not only because it prevents agents inside the region from coordination, but also it disturbs the coordination

between regions. Thus, in two-region economy private information is more likely to have a negative social

value.

Part 2 of the Corollary 6 shows the value of information in the economy with strategic substitutability. In a

one-region version of this economy, the social value of private information is necessarily positive, α∗ < α < 0.

In a two-region economy this is true only if the extent of substitutability is relatively low. This �nding

con�rms the result listed in Part 2 of Proposition 4. In this economy the gap between the equilibrium and
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e�cient degree of coordination is equal to α− α∗ = −r (1− r). This value depends negatively on r. Larger

strategic substitutability means lower value of r and larger gap α−α∗. As we have seen in Proposition 4, the

social value of private information is necessarily positive only if the gap between the equilibrium and e�cient

degree of coordination is not too large. Moreover, the social value of public information may also be negative

for su�ciently large gap between the equilibrium and e�cient degree of coordination.

6.3 Externality created by the dispersion in private actions

In a beauty-contest economy, described in Morris and Shin (2002), loss of a private agent is given by:

li = (1− r)(k − θj)2 + r(Li − L̄), (59)

where Li =
1∫
0

(kg − ki)2 dg represents the average distance between the action of the agent and the actions of

all other private agents; L̄ =
1∫
0

Lg dg. This loss function is equivalent to the following utility function:

U
(
kji ,K, σk, θ

j
)

= − (1− r)
(
kji − θ

j
)2
− r

(
kji −K

)2
+ rσ2

k

Thus, Ukk = −2, UkK = 2r, UKK = −2r, Uσσ = 2r, UKθ = 0, Ukθ = 2 (1− r), WKK = −2 (1− r),
Wσσ = −2 (1− r), ρ = − r

(1−r) < 0. This means that κ = κ∗ = 1 and α = r > α∗ = 0. This economy is

characterized by two sources of ine�ciency. First of all, the equilibrium degree of coordination is too large in

comparison with the e�cient degree of coordination. Secondly, the dispersion creates the positive externality

for private agent, meaning that Uσσ > 0 and ρ < 0. This source of ine�ciency leads to a distortion in private

actions under complete information. The equilibrium weight of the home fundamental in private actions is

equal to κj,j = 1− r(1− nj), while the e�cient weight of the home fundamental is equal to κ∗j,j = 1. Thus,

the equilibrium weight of the home fundamental is lower than its e�cient weight. The equilibrium weight of

the foreign fundamental under complete information is equal to κj,−j = r(1− nj), while its e�cient weight

is equal to κ∗j,−j = 0. Thus, the equilibrium weight of the foreign fundamental is higher than its e�cient

weight. Moreover, the socially optimal degree of coordination inside the region is equal to α∗j,j = (1− nj) r
1−r

, while the socially optimal degree of coordination between the regions is equal to α∗j,j = − (1− nj) r
1−r . This

means that some positive coordination inside the regions and the negative degree of coordination between

regions are socially desirable. To understand this fact, let us remind that the private value of dispersion

and the social value of the gap between regions is positive, as Uσσ > 0. Thus, the negative coordination

between regions and increased coordination inside them lead to a higher gap, which is socially desirable. This

is di�erent from a one-region version of the model, for which the e�cient extent of coordination is equal to

zero.

It is easy to show that in one-region version the social loss is decreasing in the precision of public

information, if r < 1/2, and may be decreasing in the precision of public information, if r > 1/2. This means

that the social value of public information may be negative only if the extent of strategic complementarity is

relatively high. The social value of private information is always positive in a one-region version. The welfare

properties of information in a two-region version of the model are listed in the following Corollary:

Corollary 7. For the two-region beauty contest model of Morris and Shin (2002),

1. the social and the regional value of private information is positive for any (r, n);

2. for any n, there exists r̄S ∈ (0, 1) such that the social value of public information is positive if r ≥ rS (n)

and may be negative, if r < rS (n). Moreover, rS (n) ≥ 1/2 and ∂rS(n)
∂n > 0;
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3. if n ≤ 1/2, the regional value of public information is positive. If n > 1/2, there exists r̄j ∈ (0, 1) such

that the regional value of public information is positive if r ≥ r̄j (n) and may be negative, if r < r̄j (n);

4. the inter-regional value of private information may be negative, if nj >
1

4−r ; the inter-regional value of

public information may be positive, if nj <
1−α
2−α .

Part 1 of Corollary 7 indicates that the social value of private information in a two-region economy is

positive, as it is in a one-region model. Part 2 shows that the social value of public information may be of

negative social value, if r is su�ciently small. This contradicts to a one-region model, when the social value

of public information may be negative for relatively high values of r. This distinction comes from the fact,

that in two-region version there are two sources of ine�ciency. An increase in r means not only an increase

in the equilibrium degree of coordination, but also an increase in discrepancy created by the cross-sectional

dispersion. As ∂(α∗−α)
∂r < 0 and

∂ρ

∂(α∗−α) > 0, an increase in r makes it more likely that the externality

becomes too low to get the negative social value of public information. On the contrary, a decrease in r

leads to an increase in threshold ρ in Proposition 5, making the social value of information negative. Part 3

of Corollary 7 shows, that the regional value of public information is positive, if n ≤ 1/2. This implies that

the authority in a small region would overestimate the value of public information. Thus, the informational

policy of local authorities in this economy may be too transparent from the social point of view.

7 Conclusion

In this paper we study social, regional and inter-regional value of information in segmented economies.

We show that the externalities, which arise due to strategic and informational spillovers between regions,

change considerably the welfare properties of information. For example, in economies which are e�cient in a

one-region model, the social value of public information may be negative in a two-region model, if the agents

value dispersion in private actions.

This �nding gives rise to two concerns about information policy elaboration. The �rst concern is about

using representative-agent models. We show that the policy, elaborated on a base of such models, may

be ine�cient if the economy is segmented in reality. The second concern is about potential ine�ciency of

information policies, if they are elaborated by the local authorities. As the regional and the social values of

information can di�er, the regional authority may choose the policy, which is either too transparent or too

opaque from the social perspective. We apply this methodology to several examples, which illustrate these

issues.

The methodology can be further developed. First of all, in the current version we assume that strategic

e�ects have global character. Distinction between local and inter-regional strategic e�ects may be an

interesting extension of the model. Moreover, the fundamental shocks in our model are uncorrelated.

Nevertheless, in reality all the economies are interconnected. The study of technological spillovers between

regions would be another extension of the model.
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Appendix

A Proof of Proposition 3

If the equilibrium is globally e�cient for any information structure, it should be e�cient under complete

information, implying that κj,k = κ∗j,k with j, k ∈ {1, 2}. Moreover, the coordination degrees in equilibrium

with incomplete information should coincide with the coordination degrees in the globally optimal

distribution, implying that αj,k = α∗j,k with j, k ∈ {1, 2}.
The gap between the equilibrium and the globally e�cient degrees of regional coordination is as follows:

αj,j − α∗j,j = (α− α∗)nj − ρ (1− nj) (60)

The gap between the equilibrium and the globally e�cient degrees of inter-regional coordination is as

follows:

αj,j − α∗j,j = (α− α∗) (1− nj) + ρ (1− nj) (61)

From (60) and (61), it is obvious, that both gaps are equal to zero if and only if α = α∗and ρ = 0.

Analogically, the gap between the equilibrium and the globally e�cient local distribution is as follows:

κj,j − κ∗j,j = (κ− κ∗)nj + κρ (1− nj) (1− α) (62)
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The gap between the equilibrium and the globally e�cient inter-regional distribution is as follows:

κj,j − κ∗j,j = (κ− κ∗)nj + κρ (1− nj) (1− α) (63)

For both (62) and (63) to be equal to zero, two conditions must held: κ = κ∗and ρ = 0. From these two

�ndings, Proposition 3 comes immediately.

B Proof of Proposition 4

Part 1 The global social loss in e�cient economies with α = α∗, κ = κ∗ and ρ = 0 is equal to the following:

Ls,1 =
nj(1−α)(σ−2

z (1−α(1−nj))−σ−2
x α2n(1−n))

σ−2
z (σ−2

z +(1−αnj)σ−2
x )

(64)

The function (64) is decreasing in both precisions:
∂Ls,1
∂σ−2

z
< 0 and

∂Ls,1
∂σ−2

x
< 0. Part 1 of Proposition 4 comes

immediately.

Part 2 The global social loss in economies with ine�cient degree of coordination (α 6= α∗, κ = κ∗ and ρ = 0)

is as follows:

Ls,2 = Ls,1 + n2j (α∗ − α) L̂s,2 (65)

L̂s,2 =

(
σ−2z + σ−2x α (1− n)

)
σ−2z

(
σ−2z + (1− αnj)σ−2x

)2
Term L̂s,2 is decreasing in the precision of public information, if α > 0 and my be increasing, if α < 0.

Thus, condition α∗ > α > 0 su�ces for the positive value of public information. The derivative of this term

over the precision of private information:

∂L̂s,2

∂σ−2x
=

2
(
σ−2z + σ−2x α (1− n)

)
σ−2z

(
σ−2z + (1− αnj)σ−2x

)3 (66)

The numerator is negative if α <
σ−2
z

σ−2
x (1−n) , thus condition α

∗ < α < 0 is not su�cient for the global value

of private information to be positive. Taking derivative of (65) over the precision of private information in

this case, we get that the loss is decreasing over the precision if α∗ > α − (1−α)(1−αn)
2αn(1−n) . This gives Part 2 of

the proposition.

Part 2 The global social loss in ine�cient economies (α 6= α∗, κ 6= κ∗ and ρ = 0) is as follows:

Ls,3 = Ls,2 + 2n2j L̂s,3
κ∗ − κ
κ

(67)

L̂s,3 =
(1− α∗)

(
σ−2z + σ−2x α (1− n)

)
σ−2z

(
σ−2z + (1− αnj)σ−2x

) (68)

Term L̂s,3 is decreasing in the precision of private information:

∂L̂s,3

∂σ−2x
= − (1− α∗) (1− α)

σ−2z
(
σ−2z + (1− αnj)σ−2x

)2 < 0

Thus, for any strategic e�ect, su�ciently high level of gap κ∗−κ
κ guarantees the positive value of private

information.
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The derivative of term L̂s,3 over the precision of public information:

∂L̂s,3

∂σ−2z
= −

(1− α∗)
(
ζ2 + 2α (1− n) ζ + α (1− n) (1− αn)

)(
σ−2z

)2 (
σ−2z + (1− αnj)σ−2x

)2 , (69)

where ζ =
σ−2
z

σ−2
x
. As we can see, expression (69) is negative, if α > 0, and may be positive, if α < 0. The

Part 3 of Proposition 4 comes immediately.

C Proof of Proposition 5

Part 1 The e�ect of externality on the marginal loss of the public information is given by the following

derivative:

∂2Ls

∂σ−2z ∂ρ
=

2n (1− α)
2

(1− n)
(
ζ2 − 2αnζ − αn (1− αn)

)
(ζ)

2
(ζ + 1− αn)

2 (
σ−2x

)2 (70)

In case of strategic complementarity, expression 70 is negative for small values of the relative precision

of public information ζ. It means that a decrease in ρ to a su�ciently large negative values would lead to a

negative social value of public information. In case of strategic substitutability, expression 70 is positive for

all values of the relative precision of public information ζ. It means that su�ciently high positive value of ρ

is su�cient for the negative value of public information.

Part 2 The e�ect of externality on the marginal loss of the private information is given by the following

derivative:

∂2Ls

∂σ−2x ∂ρ
=

2n (1− α)
2

(1− n)

(ζ)
2

(ζ + 1− αn)
2 (
σ−2x

)2 (71)

Expression 71 is positive, meaning that su�ciently high value of ρ ensures the socially negative value of

private information.

Part 3 The e�ect of the gap between e�cient and equilibrium distributions under complete information of

the marginal losses is as follows:

∂2Ls

∂σ−2z ∂ (κ∗ − κ)
= −

2n2 (1− α∗)
(
ζ2 + 2α (1− n) ζ + α (1− n) (1− αn)

)
(ζ)

2
(ζ + 1− αn)

2 (
σ−2x

)2 (72)

In case of strategic complementarity, this expression is negative. Using the implicit function theorem:

∂ρ

∂ (κ∗ − κ)
= −

∂2Ls
∂σ−2

z ∂(κ∗−κ)

∣∣∣
ρ=ρ

∂2Ls
∂σ−2

z ∂ρ

∣∣∣
ρ=ρ

, (73)

where both numerator and denominator are negative, implying that
∂ρ

∂(κ∗−κ) < 0. Analogically, ∂ρ
∂(κ∗−κ) <

0.

D Proof of Proposition 6

The proof coincides with the proof of Propositions 4 and 5, applied for the regional loss component:
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Lj = nj
|WKK |

2

[
V ar (K − κ̄) + 2Cov (K − κ̄; κ̄− κ̄∗) + 2Cov

(
K − κ̄; κ̄∗ − κ̃j

)]
+ (74)

+ nj (1− nj) |Ukk| (1− α)
[
Cov (K − κ̄;Kj − κj − (K−j − κ−j)) + Cov

(
K − κ̄;κj − κ∗j −

(
κ−j − κ∗−j

))]
+ nj (1− nj) |Ukk| (1− α)

[
Cov

(
K − κ̄;κ∗j − κ̃

j
j −

(
κ∗−j − κ̃

j
−j

))]
+

+ nj (1− nj) |Ukk| (1− α)
[
Cov (κ̄− κ̄∗;Kj − κj − (K−j − κ−j)) + Cov

(
κ̄∗ − κ̃j ;Kj − κj − (K−j − κ−j)

)]
+ n (1− n)

|Ukk + nUσσ|
2

[V ar (K1 − κ1 − (K2 − κ2)) + 2Cov (K1 − κ1 − (K2 − κ2) ;κ1 − κ∗1 − (κ2 − κ∗2))]

+ n (1− n)
|Ukk + nUσσ|

2

[
2Cov

(
K1 − κ1 − (K2 − κ2) ;κ∗1 − κ̃11 −

(
κ∗2 − κ̃12

))]
+ n (1− n)

|Ukk + nUσσ|
2

σ2
k,j − n (1− n)

Uσσ
2
σ2
k,−j

Substituting here the corresponding variances from the main text with κ = κ∗, α = α∗ and taking the

derivatives gives Propositions 6, 7 and 8.
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